In this paper we compute the effective Lagrangian of static gravitational fields interacting with thermal fields of generalized electrodynamics at high temperature. We employ the usual Matsubara imaginary-time formalism to obtain a closed form expression to the thermal effective Lagrangian at one-loop and two-loop order, in an arbitrary ω-dimensional spacetime, in which the equivalence between the static hard thermal loops and those with zero external energy-momentum is widely explored. Afterwards, the symmetries of the resulting expressions are discussed as well as the presence of the Tolman
Introduction
Thermal field theory is the appropriate framework in describing models in thermodynamical equilibrium, as well as to address the question of stability of these models as a function of environmental variations. In order to have a better understanding in the model's behavior within several regimes depending at the system's temperature, much attention has been devoted in studying the high-temperature limit of the Green's functions, in general, hard thermal loop amplitudes. It then came to attention that in order to have a proper resummation procedure, in which is necessary to control infrared divergences and give physical meaningful outcomes in perturbation theory, one needs to take into account the hard thermal loops [1] . Basically, this corresponds, in the momentum space, to consider that all the external momenta and energies of the thermal amplitude are much smaller than the temperature T .
There are some special cases in field theories, namely, the static and the long wavelength limits, in which it is known that the thermal amplitudes are local functions of the external fields and possess, in general, a closed form expression. In particular, in the case of gauge theories, it has been shown that it is possible to construct closed form expressions for the effective Lagrangian, which generates all thermal Green's functions [1] [2] [3] [4] .
One may actually say that the symmetries of a given system are one of the most important characteristic which are widely explored in several branches within theoretical physics. For instance, in gauge theories, there are Ward identities which relate the thermal amplitudes with each other. Not that different, there are similar quantities when one employs the approach of hard thermal loops in a background of soft gravitational fields, where the gravitational thermal amplitudes satisfy simple Ward identities due to the local coordinate transformations [5] . Furthermore, the aforementioned limits, static and the long wavelength, are also present in the evaluation of expressions for the effective Lagrangian, but translated into the following form: when the background gravitational field is either time or space independent, respectively. However, the frail point of these limits are that each of them yields two different local effective Lagrangian functionals [6] [7] [8] .
Nevertheless, recently, an interesting and rich result has been obtained, in which it is shown at one-loop [9] and subsequently at two-loop [10] calculations, that a static background is equivalent to a spacetime independent configuration, in the high-temperature limit. More precisely, it has been shown that the static limit of thermal Green's functions in gauge theories coincide with the limit when all the external four-momenta are set to zero. Lately, these results were generalized to all orders [11] . Another example of the usefulness of this method may also be found in the discussion on thermal scalar fields in a static background [12] , which derives in a much more simple manner a previous known result [1] . These aforementioned results together, especially the equivalence between the static hard thermal loops and zero external energy-momentum, have lead to a rather interesting study of a QED plasma in a background of static gravitational fields [13] . Besides the rich symmetries of the system, a closed form expression was evaluated for the effective Lagrangian up to two-loop order. Also, remarkably, it was shown that the resulting expression is equivalent to the pressure of a QED plasma in Minkowski spacetime, with the global temperature replaced by the Tolman local temperature [14] . This behavior is in agreement with the so-called Tolman-Ehrenfest effect, which states that a system at thermal equilibrium in a stationary gravitational fields, has its temperature varying with the spacetime metric and it is characterized by:
. As it has been pointed out in several works [15] [16] [17] [18] [19] [20] along the years, it is long clear that Maxwell's theory is not the only one to describe the electromagnetic field. One of the most successful generalizations is the generalized electrodynamics [15] . Actually, Podolsky's theory is the only one linear, and Lorentz and U(1) invariant generalization of Maxwell's theory [17] . Another interesting feature inherent to Podolsky's theory is the existence of a generalized gauge condition, namely, the generalized Lorenz condition: Ω[A] = 1 + M −2 ∂ µ A µ ; it must be considered an important issue, since it is only through the choice of the correct gauge condition that we can completely fix the gauge degrees of freedom of a given gauge theory [16] .
On the other hand, the generalized electrodynamics when interacting with matter fields has been studied in details at finite [18] and zero temperatures [19] , and also has revealed to be a compelling theory, leading to interesting results at radiative corrections [19] . Therefore, based on the recent results at finite temperature literature, we believe it to be a rather natural and stimulating extension to study the thermal generalized electrodynamics in a static gravitation background. The main purpose of the present work is to obtain the higher-loop corrections to the effective Lagrangian of a generalized electrodynamics plasma in a static gravitation background. It should be emphasized that the background metric is static when it does not depend on time. The one-loop results do not take into account the interactions between electrons and (generalized) photons. In order to consider these effects we shall compute the two-loop contribution.
In this paper, we discuss a generalized electrodynamics in a static gravitation background at thermodynamical equilibrium in the light of the Matsubara imaginary-time formalism [21, 22] . In Sect.2 we start by making a brief review of the generalized electrodynamics and presenting some useful results from the vierbein formalism [23] . Moreover, we evaluate in detail the three contributions from the one-particle irreducible diagrams at one-loop order for the effective Lagrangian. Next, in Sect.3, we discuss and present a detailed calculation of the two-loop effective Lagrangian, where some approximation are needed in order to perform the integration exactly. Besides, we discuss some general remarks about the infrared behavior of the present theory, as well as some nonperturbative effects. In Sect.4 we summarize the results, and present our final remarks and prospects.
Effective Lagrangian at one-loop order
In this section we will introduce our basic notation and describe the analysis method. Let us consider the Lagrangian density for (generalized) photons and electrons in a gravitational background [19] 
where g µν is the metric tensor |g| = det g µν and M is the free parameter from the generalized electrodynamics, also F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic stress-tensor, and (c,c) is the set of the Faddeev-Popov ghost fields. It should be remarked that in order to determine a closed form expression for the static effective Lagrangian at the high-temperature limit we shall consider some approximations. For this purpose, we can bear in mind the much larger scale of temperature and thus neglect the suppressed quantities such as all the spacetime derivatives of the metric as well as the fermion mass. To derive the Feynman rules for the dynamical fields in a gravitational background is suitable to make use of the vierbein formalism [23] . In fact, a local Lorentz frame can be defined in terms of the vierbein e a µ , so that in a given point of the manifold the metric can be written as
where the greek and latin indices stand for general and local coordinates, respectively. Moreover, we shall make use throughout the paper of the notationp a = e µ a p µ . 1 Hence, this formalism allows us to write the Lagrangian density (2.1) in the following form
3)
in such vierbein basis we have that the Dirac matricesγ a satisfy
By means of completeness, we shall evaluate the lowest order contributions to the effective Lagrangian. The respective contributions are presented at Fig.1 . These are the diagrams from the fermion loop (a), generalized photon loop (b) and ghost loop (c)
where
We denoted det D as being the determinant over the Dirac matrices and the Hilbert space (det), but notice that in L P 1 we also have the determinant on the spacetime indices. Now, we can solve it using the general result det
Moreover, using the imaginary-time formalism [21, 22] we can express these three contributions as
where we have defined the notation for the fermionic and bosonic sum/integral It should be emphasized that we are employing the irreducible representation for the Dirac matrices, so that the trace of the identity is given by tr (I) = 2 E(ω/2) , where E (ω/2) is the integer part of ω/2. Furthermore, notice that in the first expression, Eq.(2.13), the sum is over the fermionic Matsubara
, where the time component of the momentum is p 0 = iω n F , while, in the second expression, Eq.(2.14), the sum is over bosonic Matsubara frequency
. In order to evaluate the sum/integrals in Eqs.(2.13) and (2.14) in a simpler way, one can conveniently choose a locally rest vierbein frame as defined [13, 23] 
At finite temperature, the thermal bath introduces a privileged reference frame which may be characterized by its four-velocity u µ [21, 22] . In all points of the manifold, we have a special coordinate system (locally rest frame) in which
Proceeding this way, we may usep 18) to define a special class of vierbein, as shown in (2.16). Hence, for two arbitrary four-vectors, we have that their scalar product is given by [13] η abp aqb =g µν p µ q ν ,
In particular, from these results it follows that
where we have introduced the change of variables
, where we have made use of the identityḡ −1 g 00 = g, in whichḡ = det g i j [13] . Therefore, from the result (2.20) and subsequent manipulation on the change of variables (2.21), we can deal properly with the metric dependence, and the expressions (2.13) and (2.14) are written simply as
and
We should emphasize that all temperature-independent parts of (2.22) and (2.23) lead to a divergent result, i.e., the zero-point energy of the vacuum, which can be subtracted off since it is an unobservable constant. We shall start by evaluating first the fermionic sum and integral from (2.22) by means of imaginarytime formalism [21, 22] 24) moreover, the remaining integral can be solved by using standard rules of finite temperature integration. For instance, we may use the well-known result for fermionic fields 25) and then obtain
Hence, from the result (2.26) we have the following expression for the fermionic contribution (2.22)
Nevertheless, the massless bosonic sum/integral from (2.23) can be evaluate by similar computation
in which we have made use of the well-known result
At last, we shall evaluate the massive bosonic sum/integral [18] 2
Moreover, one may use the integral representation for the modified Bessel function of the secondkind [24] to solve the above integral, and obtain
Finally, it follows that we can write the massive bosonic determinant in terms of a perturbative series
Hence, collecting the results (2.28) and (2.32) the bosonic contribution (2.23) reads
(2.33) Therefore, with the results, Eqs.(2.27) and (2.33), one may then write the complete one-loop effective Lagrangian (2.5) as
Unfortunately, there is not known a closed form for the above series, which means that the thermal properties may be used in such a way to find a suitable approximation in order to evaluate its expression. For this matter, we may assume the situation where β M 1, which means that the parameter 2 Since β q 2 + M 2 > 0, thus e −β √ q 2 +M 2 < 1, it then follows that
M should be much larger than the thermal energy. In this case we may use the asymptotic expansion for |z| → ∞ [24]
This results into
Moreover, as aforementioned, we have that e −β M n+1 e −β M n . Hence, it follows that the leading term of the above sum is for k = 1,
(2.37) Therefore, within this approximation, we have that the Eq.(2.34) reads
As one should expected for a density, either Eq.(2.34) or Eq.(2.38) presents the factor |g|. They also exhibit a characteristic temperature dependence in the full expression on the local temperature defined by
, which is a direct consequence of the Tolman-Ehrenfest effect (thermal time) [14] . On the other hand, this result is surprisingly interesting and unexpected, due to the fact that we have added a scale by the massive contribution. Therefore, these facts yield to the resulting expression to be invariant under the scale transformation g µν → Ωg µν [25] .
Two-loop Effective Lagrangian
In order to investigate the effect of higher-order correction, we shall evaluate the two-loop order contribution to the effective Lagrangian as depicted in diagram (d) at the Fig.1 . We will apply the same technique as illustrated before in the calculation of the one-loop contribution. This can be obtained by computing the contribution
where k = p − q is the photon momentum; besides, we are using the gauge field propagator expression at Landau gauge ξ = 0 [19] ,
Moreover, in the vierbein basis, we have {γ a ,γ b } = 2η ab , then the Diracγ matrices trace may readily be evaluated
and, after some algebraic manipulation, we obtain the resulting expression for L 2 from (3.1)
However, at finite temperature, the massive term is not easily handled, neither in order to get a closed expression for it. Hence, as in the Sect.2, we shall regard henceforth the approximation
, which is consistent with the hard thermal loop approximation, and then consider the leading terms 1 5) in order to get the most significant contribution from the generalized electrodynamics. Thus, this yields to the following expression
In particular, as matter of illustration, an useful manipulation in order for future calculation reads
F I
(1)
where we will use the following definition henceforth for the fermionic and bosonic quantities
We can proceed in the exact same way as outlined above, using results from dimensional regularization technique, and then rewrite conveniently all the terms from Eq.(3.6) in its dominant contribution as the following
The evaluation of the sum and integral from the last term of Eq.(3.9) is lengthy but straightforward, and it follows directly from the aforementioned identities and well-known results at finite temperature [21, 22] , and the result reads
the remaining terms may also be easily evaluated,
I
where we have dropped off the temperature-independent terms. Therefore, after evaluating all the terms, we obtain the following expression for the two-loop effective Lagrangian
13)
The result given by Eq.(3.13) can be identified with the two-loop Podolsky contribution to the pressure, in the high-temperature regime; besides, it presents, as expected for a density, the factor |g|. Furthermore, as the one-loop result, the two-loop expression also displays a simple dependence on the Tolman local temperature, as defined in
. Moreover, from Eq.(3.13) we may identify the first term as being the two-loop QED contribution as calculated in [13] 
(3.14)
From that, we may see the difference between the two contributions: Eqs.(3.13) and (3.14), especially regarding the temperature dependence. Nonetheless, in the same way as happened in the one-loop expression, the higher-derivative contribution manifests the Tolman-Ehrenfest effect, then respecting the scale invariance as well. It is a long-time well-known fact that higher-loops corrections to the effective Lagrangian in QED may exhibit infrared divergences which arise from the dominant high-temperature contribution of the zero mode. Hence, in order to deal with these divergences, it was proposed a systematic way in dealing to them: one should sum an infinite series of one-particle irreducible diagrams of the oneloop static photon self-energy which are individually divergent. This was also investigated from QED in the background of static gravitational fields [13] . And, it was shown that they are equivalent to the pressures of a plasma at high temperature, with the temperature replaced by the local temperature T loc . Also, this shows that the Tolman-Ehrenfest effect is explicitly manifested even when the quantum corrections are taken into account.
Nevertheless, it was shown previously that though the addition of the Podolsky's term (a massive sector) into the Maxwell action enhances the ultraviolet behavior of the whole theory, it does not change the infrared behavior of the radiative correction quantities [19] (actually, it is only infrared safe at the known Fried-Yennie gauge ξ = 3); this is because there is still a massless mode propagating. Therefore, we may conclude that this is also true here in the finite temperature case, and the infrared divergences here should be dealt in the same way as it is in the massless theory. This subject is under consideration and is part of a systematic study of nonperturbative phenomena of the generalized electrodynamics at finite temperature.
Concluding Remarks
In this paper we presented a study on the thermodynamical properties of the generalized electrodynamics in a static gravitational background by evaluating systematically the one-loop and two-loop expressions for the effective Lagrangian. One of the main motivations of the present study was the recent result showing the equivalence between static and zero energy-momentum thermal amplitudes, which holds for the leading contributions at high temperature. This correspondence played an important role in obtaining the effective Lagrangian expressions for static gravitational fields interacting with a plasma of generalized photons and massless electrons at high temperature.
It is a remarkable result that, in the same way as it happened in QED, the contributions from the generalized electrodynamics at β M 1 arising from the approximation of static gravitational fields correspond to those obtained by the ordinary theory defined in Minkowski spacetime, by the simple replacement of an overall factor of |g| an imprint of a density, and moreover by the modification of the (global) Minkowski temperature by the Tolman local temperature. Surprisingly, although a scale M has been introduced in the theory, due to the higher-derivative term, the (Weyl) scale invariance is preserved in the whole expression. Nevertheless, since heat interacts with gravity, one may reason naturally that the emergence of a local temperature is unavoidable for a system in a configuration of thermal equilibrium to obviate the heat flowing from regions with different values of gravitational potential [14] .
Although we have tried to maintain our treatment as much as arbitrary, especially in which concerns the spacetime dimensions, mainly because of the several studies on unified field theories, we are always bounded by the direct physical application, and they all lie in a four-dimensional spacetime. As aforementioned, a subsequent study of the present analysis will consist in a systematic discussion on nonperturbative phenomena of generalized electrodynamics at finite temperature. Because, though we have massive modes propagating in the gauge field, we still have the presence of the massless modes. And, it is precisely these massless modes that generate the infrared divergences when higher-order contributions are present; such divergence may be traced back to the dominant hightemperature contribution of the zero mode. By means of complementarity, we may also investigate higher-loops contributions [26] to realize if the higher-derivative contributions still respects the scale invariance, i.e., if they exhibit a dependence in terms of the Tolman local temperature. These issues and others will be further elaborated, investigated and reported elsewhere.
